If an edge-to-edge tilings of the sphere by more than 12 congruent pentagons has edge length combination a 2 b 2 c or a 3 bc (a, b, c distinct), and there is no tile with all vertices having degree 3, then the tiling is either pentagonal subdivision or double pentagonal subdivision.
Introduction
The classification of edge-to-edge tilings of the sphere by congruent triangles was started by Sommerville [5] in 1923 and completed by Ueno and Agaoka [6] in 2002. We started the classification of edge-to-edge tilings of the sphere by congruent pentagons in [1, 4] , by completely classifying the minimal case of tilings by 12 congruent pentagons. Next we proved in [3] that there is no edge-to-edge tilings of the sphere by more than 12 congruent pentagons, such that the edge length combination is a 2 b 2 c, a 3 bc, or a 3 b 2 , and there is a tile with all vertices having degree 3 (called 3 5 -tile). This paper continues the classification by proving the following result.
Theorem. Suppose an edge-to-edge tiling of the sphere by congruent pentagons has no tile with all vertices having degree 3.
1. If the pentagon has edge length combination a 2 b 2 c (a, b, c distinct), then the tiling is the pentagonal subdivision of a platonic solid.
If the pentagon has edge length combination a
3 bc (a, b, c distinct), then the tiling is the double pentagonal subdivision of a platonic solid.
The pentagonal subdivision is described in Section 2.1. The construction gives three tilings of the sphere by congruent pentagons. The number of tiles are respectively 12, 24 and 60. Each tiling allows two free parameters. The main result of [1, 4] can be interpreted as that the only edge-to-edge tiling of the sphere by 12 congruent pentagons is the pentagonal subdivision. Since the number of tiles being 12 implies that all vertices have degree 3, the first part of the main theorem above really refers to the cases of 24 and 60 pentagonal tiles. The proof of the first part is given in Section 3.
The double pentagonal subdivision is described in Section 2.2. The construction also gives three tilings of the sphere by congruent pentagons. The number of tiles are respectively 24, 48 and 120. Moreover, each tiling is rigid, in the sense that the pentagon is unique. We will provide the exact geometric data for the pentagon. We note that the double pentagonal subdivision with 24 tiles has edge length combination a 3 b 2 , which will be discussed in [7] . Therefore the second part of the main theorem above really refers to the cases of 48 and 120 pentagonal tiles. The proof of the second part is given in Section 4.
The next paper [7] will classify tilings of the sphere by congruent pentagons, such that the edge length combination is a 3 b 2 and there is no 3 5 -tile. According to [3, Section 2] , the remaining cases are tilings by equilateral pentagons (edge length combination a 5 ) and almost equilateral pentagons (edge length combination a 4 b). We will classify the equilateral case in [2] . The most difficult almost equilateral case will be left to the future.
Subdivision Tiling

Pentagonal Subdivision
Given any tiling of an oriented surface, we add two vertices to each edge. Within each tile, we can use the orientation to label the two vertices on each edge as the first and the second. See the labels for the five edges of the pentagonal tile on the left of Figure 1 . Note that each edge is shared by two tiles, and the labels from the viewpoints of two tiles are different. See the edge shared by the pentagon and the triangle below it.
We further add one vertex at the center of each tile. Then we connect the center vertex to the first vertex of each boundary edge of the tile. This divides an m-gon tile into m pentagons. See the right of Figure 1 . The process turns any tiling into a pentagonal tiling. We call the process pentagonal subdivision.
Each tile in the pentagonal subdivision has three edge vertices, one old vertex (from the original tiling), and one center vertex. The edge vertices have degree 3. The degree of the old vertex remains the same. The degree of the center vertex is the "degree" (number of edges) of the original tile. It is easy to see that the pentagonal subdivisions of a tiling and its dual tiling are combinatorially the same, with old vertices and center vertices exchanged. Suppose we start with a regular tiling, and the distance from the new edge vertices to the nearby original vertices are the same. Then the pentagonal subdivision is a tiling by congruent pentagons. See Figure 2 . In fact, we no longer require the original edges to be straight. This means that we only require α + δ + ǫ = 2π instead of α + δ = ǫ = π. Moreover, if the original regular tiling is made up of m-gons and each vertex has degree n, then β = The regular tilings of the sphere are the five platonic solids. Since the dual tiling gives the same pentagonal subdivision, the pentagonal subdivision gives three tilings of the sphere by congruent pentagons.
1. Pentagonal subdivision of tetrahedron: f = 12.
2. Pentagonal subdivision of cube or octahedron: f = 24.
3. Pentagonal subdivision of dodecahedron or icosahedron: f = 60.
The first tiling is the deformed dodecahedron T 5 in [4] . Further by [1] , this is the only edge-to-edge tiling of the sphere by 12 congruent pentagons. The second tiling is the left of Figure 3 . at the vertex V . Let C be the center of the triangle, and let M be the middle point of an edge of the triangle. The pentagonal subdivision is completely determined by the dot P in the following way. The point P determines another point Q, by requiring that M is the middle point of the great arc P Q. Moreover, rotating P around C by 2π 3 gives P ′ . Then C, P, Q, V, P ′ are the vertices of a tile in the pentagonal subdivision. Rotating this tile around C by give two more tiles, and the three tiles together form the pentagonal subdivision of one regular triangular tile of the original platonic solid. The whole pentagonal subdivision tiling is obtained by replacing each triangle in the platonic solid by the right of Figure 3 . The description gives a one-to-one correspondence between the tiling and the location of P , subject to the only condition that the three pentagons on the right of Figure 3 do not overlap. In particular, the pentagonal subdivision tiling allows two free parameters. The study of the 2-dimensional moduli of pentagonal subdivision tiling will be the subject of another paper.
Double Pentagonal Subdivision
Given any tiling of a surface, we have the dual tiling. The original tiling and the dual tiling give a combined tiling by quadrilaterals. If the surface is also oriented, then we may use the orientation to further cut each quadrilateral into two halves in a compatible way. The process turns any tiling into a pentagonal tiling. We call the process double pentagonal subdivision. Similar to pentagonal subdivision, we hope that the double pentagonal subdivision of a platonic solid can be a tiling of the sphere by congruent pentagons. Since the dual tiling gives the same double pentagonal subdivision, we only need to consider the double pentagonal subdivision of one triangle tile in regular tetrahedron, octahedron, icosahedron (each vertex has degree n = 3, 4, 5). This is given by the left of Figure 5 . By the angle sums at the vertices, we get the angles of the pentagonal tile on the right of 
The number of tiles are respectively f = 24, 48, 120.
Unlike the pentagonal subdivision, all angles of the pentagon in a double pentagonal subdivision tiling are fixed. Note that a general pentagon has 7 degrees of freedom. On the other hand, the specific values of 5 angles and 3 equal edges amount to 7 equations. Therefore we expect that the double pentagonal subdivision tilings are isolated examples. This can be argued as follows. We connect three edges of length a together at angles δ = Since β = γ = δ = ǫ for f = 24, the pentagon is symmetric, and we have b = c. For f = 48, we get the cubic equation for cos a
The cubic equation has only one real solution cos a = 1 9 3 186 √ 3 + 54 √ 35 + 4
which gives a = 0.127800426697232567605914879207π.
We can also get the precise formula for cos b, sin b, cos c, sin c, and then get the approximate values
For f = 120, we get the cubic equation for cos a
The cubic equation has only one real solution. We have precise formula for cos a, cos b, cos c, and we get the approximate values
The main theorem assumes that there is no 3 5 -tile. By [3, Proposition 1], there must be a 3 4 4 or a 3 4 5-tile. The neighborhood of this special tile is illustrated by the first and second of Figure 7 . We denote the fifth vertex H (of degree 4 or 5) by dot.
We note that the two neighborhoods share a common partial neighborhood consisting of 6 tiles, illustrated by the third of Figure 7 . We label the six tiles in the partial neighborhood as indicated, and we adopt the notation introduced in [4] . We denote by P i the tile labeled i, by E ij the edge shared by P i , P j , by V ijk the vertex shared by P i , P j , P k , and by A i,jk the angle of P i at V ijk .
By tile. These are illustrated in Figure 8 and labeled as Cases 1 through 4. We note that the edge arrangement determines the angle arrangement in these four cases.
Our strategy is to first tile the partial neighborhood in the third of Figure  7 . Then we fill the extra one or two tiles at H, and further tile beyond the neighborhood if necessary. We will always start by assuming that the center tile P 1 is given by the pentagon in Figure 8 , rotated so that the high degree vertices (the dots) match.
Recall the angle sum at any vertex is 2π, and the angle sum equation for the pentagon is (see [3, Proposition 4] )
Here f is the number of tiles. By [3, Proposition 2], we may always assume that f is an even number ≥ 24.
We start with the first of Figure 8 as the center tile P 1 in the partial neighborhood, illustrated by the first of Figure 9 . Since E 23 is adjacent to both a and b, we get E 23 = c. This determines (all edges and angles of) P 2 , P 3 . We can similarly determine P 5 , P 6 . Then we know three edges of P 4 , which further determines P 4 . The angle sums at βδǫ, γδǫ and the angle sum for pentagon imply β = γ and α + β = 1 + 4 f π. By the edge length consideration, we have H =
, then by the extra angle sum at H, we get
The neighborhood of H = αβ 2 γ is the second picture of Figure 9 , with P 1 , P 2 being P 2 , P 6 in the first picture. We can determine P 3 . Then by the edge length consideration, the vertex αδ · · · shared by P 2 , P 3 is αδθ · · · , with θ = δ or ǫ. By α + δ + ǫ = 2 + 6 f π > 2π, we get θ = δ. Then by the third of Figure 9 , two δ sharing a c-edge implies two ǫ sharing the c-edge. Since there is no a 2 -angle, the vertex where two ǫ sharing the c-edge must be ǫ 2 φ 1 φ 2 · · · , with distinct φ 1 , φ 2 (i.e., not representing the same angle).
The vertex αδθ
This implies that the minimal (value) among the five angles is either β or δ. If β is minimal, then
Either way, we get a contradiction.
Case 2(a
We start with the second of Figure 8 as the center tile P 1 in Figure 10 . The two pictures show the two possible ways of arranging edges and angles of P 4 . In the first picture, we can determine P 3 , P 5 . Then we can determine the b 2 -angle γ of P 2 and the a 2 -angle β of P 6 . In the second picture, we can determine the b 2 -angle γ of P 3 and the a 2 -angle β of P 5 . Then E 23 = a or c. Either way determines the γ angle of P 2 . We can similarly determine the β angle of P 6 . In the first picture, the angle sums at αδǫ, β 3 , γ 3 and the angle sum for pentagon imply 3 +
Then we get f = 12, a contradiction.
In the second picture, by the edge length consideration, the fifth vertex H is α 2 βγ, α 2 βγ 2 , α 2 β 2 γ, or αβγδǫ. By the angle sums at βδ 2 , γǫ 2 and the angle sum for pentagon, we have 2α
π > 2π, we also know H = αβγδǫ.
Case 3(a
We start with the third of Figure 8 as the center tile P 1 in Figure 11 , and consider two possible arrangements of P 5 . The first picture shows one arrangement. The second and third pictures show the other arrangement.
In the first picture, we get the b 2 -angle γ of P 4 . Then E 34 = a or c. Either way determines the γ angle of P 3 . Then E 23 = b, and this determines P 2 . We also know the a 2 -angle β of P 6 , which implies that θ = α or δ. In the second and third pictures, we can determine P 4 , P 6 . Then the two pictures show two possible arrangements of P 3 . In the second picture, we know the a 2 -angle β of P 2 , which implies that θ = α or δ. In the third picture, we can determine P 2 . We label the three partial neighborhood tilings in Figure 11 as Cases 3.1, 3.2, 3.3 (for a 2 b 2 c).
The angle sums at α 2 γ, γǫ 2 , βδ 2 and the angle sum for pentagon imply
By the edge length consideration, we have
By the extra angle sum at H, we get
By the edge length consideration, the edges and angles at H are arranged as the first of Figure 12 . This determines P 1 , P 2 , P 3 . Then P 1 , P 2 share a vertex γ 2 · · · , a contradiction to 2γ = 2 + 24 f π > 2π.
Figure 12: Case 3.1(a 2 b 2 c):
π in the first case, and we get
in the second case. By the edge length consideration, the edges and angles at H are arranged as the second of Figure 12 . This determines P 1 , P 2 , and P 1 , P 2 share a vertex γ 2 · · · . The vertex fits the general pattern in the third of Figure 12 . In the general pattern, we consider the two tiles P 3 , P 4 adjacent to P 1 , P 2 . By the edge length consideration, we have φ i = α, γ or ǫ. If both φ i = α or ǫ, then we get contradiction 2γ +φ 1 +φ 2 = 2(γ +α) > 2π. Therefore at least one of φ i is γ. If φ 1 = γ, and P 3 has the same orientation as P 1 , then by replacing P 1 by P 3 , we still get the general pattern. The same happens when φ 2 = γ, and P 4 has the same orientation as P 2 . Since P 1 , P 2 have different orientation, the pattern is reduced to the case φ 1 = γ and P 1 , P 3 have different orientation (or the similar case that φ 2 = γ and P 2 , P 4 have different orientation). The situation is the fourth of Figure 12 . We find that
Since there is no c 2 -angle, φ 1 , φ 2 are indeed distinct angles. Moreover, by the edge length consideration, we have φ i = δ or ǫ. By δ > ǫ, the angle sum at ǫ 2 φ 1 φ 2 · · · is ≥ 2ǫ + φ 1 + φ 2 ≥ 4ǫ. By f ≥ 24, we always have 4ǫ ≥ 2π. Moreover, the equality 4ǫ = 2π implies H = α 2 β 3 , f = 24, and γ = π. Then the vertex γ 2 · · · shared by P 1 , P 3 in the fourth picture (or the vertex γ 2 · · · shared by P 1 , P 2 in the second picture) has angle sum > 2γ = 2π, a contradiction.
The angle sums at α 2 β, αδǫ, γ 3 and the angle sum for pentagon imply
By
By the extra angle sum at H, we get α = The angle sums at αδǫ, γ 3 and the angle sum for pentagon imply
π.
. By the extra angle sum at H, we get
Moreover, the neighborhood of H is the first of Figure 13 . We find that P 1 , P 2 share a vertex βδ · · · . By the edge length consideration, the angle next to δ at the vertex is either δ or ǫ, illustrated by the second and third pictures of Figure 13 . In both pictures, the tile P 3 is determined.
In the second of Figure 13 , the vertex βδ 2 · · · implies δ ≤ π − π > 2π, we get a contradiction. Therefore the vertex has degree > 3. By the edge length consideration, the vertex ǫ 2 · · · = ǫ 2 φ 1 φ 2 · · · , with φ 1 , φ 2 distinct, and φ i = α, γ or ǫ. By α < γ < ǫ, the angle sum at
π > 2π, a contradiction. In the third of Figure 13 , the vertex βδǫ · · · has remaining angle 2π −(β + δ + ǫ) = 
Suppose H = β 3 δ 2 . By the extra angle sum at H, we get
Moreover, the neighborhood of H is the fourth of Figure 13 . We find that P 1 , P 2 share a vertex αβ · · · . By the edge length consideration, the angle next to α at the vertex is α, γ or ǫ.
The vertex α 2 β · · · implies α ≤ π − π > 2π, we get a contradiction. Therefore the vertex has degree > 3. By the edge length consideration, we have ǫ 2 · · · = ǫ 2 φ 1 φ 2 · · · , with φ 1 , φ 2 distinct, and φ i = α, γ or ǫ. By ǫ > γ, we have both φ i ≥ α or both φ i ≥ γ. Then the angle sum at
The vertex αβγ · · · implies α ≤ 2π − β − γ = 1 − 2π, so that the vertex ǫ 2 · · · shared by P 2 , P 3 has degree > 3. Then by the edge length consideration, the vertex is ǫ 2 φ 1 φ 2 · · · , with φ 1 , φ 2 distinct, and φ i = α, γ or ǫ. By 2ǫ + 2α > 2π, 2ǫ + 2γ > 2π and 4ǫ > 2π, the angle sum at ǫ 2 φ 1 φ 2 · · · is ≥ 2ǫ + φ 1 + φ 2 > 2π, a contradiction. Next we turn to the case that the vertex αβ · · · shared by P 1 , P 2 in the fourth of Figure 13 is αβǫ · · · , with ǫ next to α. The vertex has remaining angle 2π − α − β − ǫ = 2π − − 10 f π < β, γ and δ. Therefore the angles in the remainder are either α or ǫ. By edge length consideration, the remainder (being bounded by a-edge and c-edge) must contain at least one α and one ǫ. Therefore the vertex must be α 2 βǫ 2 · · · . By 2α + β + 2ǫ > 2π, we get a contradiction.
We will discuss the remaining cases H = β 4 , β 5 in Section 3.5.
Case 4(a
2 b 2
c)
We start with the fourth of Figure 8 as the center tile P 1 in Figure 14 , and consider two possible arrangements of P 6 . The first and second pictures show one arrangement. The third picture shows the other arrangement.
In the first and second pictures, we can determine P 5 and the b 2 -angle γ of P 4 . Then the two pictures show two possible arrangements of P 4 . In the first picture, we can determine P 3 and the a 2 -angle β of P 2 . In the second picture, we can determine the a 2 -angle β of P 3 . Then E 56 = b or c. Either way determines the β angle of P 2 .
In the third picture, we have the b 2 -angle γ of P 5 . Then E 34 = a or c. Either way determines the γ angle of P 4 . This further determines P 3 and the a 2 -angle β of P 2 . This implies f = 12, a contradiction.
In Case 4.2, the angle sums at α 2 β, αδǫ, γ 3 and the angle sum for pentagon imply
Since αδǫ is already a vertex, the remainder of H = βδǫ · · · cannot contain α. Further by the edge length consideration, H must be βδ 2 ǫ 2 . The angle sum of the vertex is β + 2δ + 2ǫ = 
On the other hand, the two α at H share b-edge. The second of Figure 12 (β 2 /β 3 can be ignored) shows that this leads to a vertex γ 2 · · · . Since the angle sum of γ 2 · · · is ≥ 2γ > 2π, we get a contradiction. Suppose H = αδ 3 ǫ. By the extra angle sum at H, we get
On the other hand, the edges and angles at H are arranged similar to the first of Figure 12 (β 2 replaced by δ 2 ). The picture shows γ 2 · · · is a vertex. Since the angle sum of γ 2 · · · is ≥ 2γ > 2π, we get a contradiction. Suppose H = α 2 δ 2 . By the extra angle sum at H, we get
Again the two α at H share b-edge, and by the second of Figure 12 , we get a vertex γ 2 · · · . If the vertex has degree 3, then the vertex is γ 3 , contradicting to 3γ > 2π. So the vertex is ǫ 2 φ 1 φ 2 · · · , with distinct φ 1 , φ 2 , and φ i = α, γ or ǫ (see the third of Figure 12 ). Since α = ǫ < γ, the angle sum at
We will discuss the remaining case H = δ 4 in Section 3.5.
Pentagonal Subdivision
After Sections 3.1, 3.2, 3.3, 3.4, the only remaining cases for the edge combination a 2 b 2 c are the following. π, f = 24.
The partial neighborhood tilings of the first two cases are given by the third of Figure 11 , and the last case is given by the third of Figure 14 .
Since it is assumed that there is no 3 5 -tile throughout the paper, by [3, Proposition 2], f = 24 implies that every tile is a 3 4 4-tile. In Case 4.3, H = δ 4 , the four tiles P 1 , P 2 , P 3 , P 4 around a vertex δ 4 must be the first of Figure 15 . Since every tile is a 3 4 4-tile, all vertices of the four tiles except the central δ 4 have degree 3. In particular, we have tiles P 5 , P 6 , P 7 as indicated, with their edges (those not shared with P 1 , P 2 , P 3 ) and angles to be determined. Up to the symmetry of vertical flipping, we may assume that the edges of P 5 are arranged as indicated. This determines one b-edge and one c-edge of P 6 , and therefore determines all edges of P 6 . Then we find that P 7 has 3 b-edges, a contradiction. This proves that Case 4.3, H = δ 4 , allows no tiling. Figure 15 . Since every tile is a 3 4 4-tile, the vertex indicated by the dot has degree 3. This implies that there is a c 2 -angle, a contradiction. Therefore there are two adjacent tiles around β 4 with the same orientation, say P 1 , P 2 in the third of Figure 15 . We may assume that the edges and angles of P 1 , P 2 are given as indicated. Since every tile is a 3 4 4-tile, we also have tiles P 3 , P 4 , . . . , P 8 , with their edges and angles to be determined.
The edges E 15 = c and E 25 = b determine P 5 . The edges E 16 = b and E 56 = a-edge determine P 6 . Since P 7 already has two b-edges, and E 28 = c, we have E 78 = a. This determines P 7 , P 8 . Then E 23 = a and E 38 = b determine P 3 . This shows that, by starting with P 1 , P 2 , we can derive P 3 . By repeating with P 2 , P 3 in place of P 1 , P 2 , we can further derive P 4 . We have shown that the neighborhood of β 4 is uniquely given by four tiles with the same orientation.
It remains to show that the vertex β 2 · · · shared by P 5 , P 6 is β 4 . If the vertex has degree 3, then by the edge length consideration, it is β 3 , contradicting to the fact that β 4 is already a vertex. Since every tile is a 3 4 4-tile, the vertex β 2 · · · has degree 4, and the vertex αǫ · · · shared by P 5 , P 7 has degree 3. Therefore we have a tile P 9 outside P 5 , P 7 . It is then easy to determine P 9 . In particular, we know A 9,56 = β. Since V 569 has degree 4, by the edge length consideration, we get V 569 = β 4 . By starting at a vertex β 4 (V 1234 ), we find another vertex β 4 (V 569 ). We may repeat the argument starting from V 1234 = β 4 by restarting from V 569 = β 4 . After repeating six times, we get the pentagonal subdivision of the cube (or the octahedron).
The final remaining case is Case 3.3, H = β 5 . After finishing Case 3.3, H = β 4 , and Case 4.3, H = δ 4 , we may further assume that there are no 3 4 4-tiles. By [3, Proposition 2], f = 60 implies that every tile is a 3 4 5-tile. Among the five tiles around β 5 , there must be two adjacent tiles with the same orientation. Then the argument given by the third of Figure 15 can be carried out, because the argument never uses P 4 . The argument shows that all five tiles have the same orientation, and also derives another degree 5 vertex β 3 · · · . Moreover, we know the three tiles (P 5 , P 6 , P 9 in the picture of Figure 15 ) at the three β angles have the same orientation.
If the degree 5 vertex β 3 · · · is not β 5 , then by the edge length consideration, it is either α 2 β 3 or β 3 δ 2 . The two vertices are in Figure 16 , with P 1 , P 2 having the same orientation. In both pictures, we can determine P 3 , P 4 , and then determine P 5 . Since every tile is a 3 4 5-tile, the vertex ǫ 2 · · · shared by P 1 , P 5 and the vertex αβ · · · shared by P 2 , P 4 have degree 3. By the edge length consideration, the vertices are γǫ 2 , α 2 β. Moreover, P 1 , P 3 , P 5 also share a vertex βδ 2 . We also have vertices αδǫ, γ 3 in the third of Figure 11 . The angle sums at the five degree 3 vertices imply all the angles are 2 3 π, contradicting to β = 2 5 π. This proves that the new vertex β 3 · · · is β 5 . Therefore the process of deriving new β 5 from existing β 5 can be repeated. After the process is repeated twelve times, we get the pentagonal subdivision of the dodecahedron (or the icosahedron). Figure 17 and labeled as Cases 1, 2, 3. We note that the edge arrangement determines the angle arrangement. Moreover, the angle sums in Section 3 remain true, and f is an even number ≥ 24. 
Case 1(a 3 bc)
We start with the first of Figure 17 as the center tile P 1 in Figure 18 . Then we consider whether E 23 and E 56 are a-edges. If both are not a-edges, then we get the first picture. If one is a-edge and the other is not, by the symmetry of exchanging b and c, we may assume that E 23 = b and E 56 = a. This is the second picture. If both are a-edges, then we get the third picture. We label the three partial neighborhood tilings as Cases 1.1, 1.2, and 1.3 (for a 3 bc). The first of Figure 18 has vertex αβγ. Moreover, for any of the two possible arrangements of P 4 , we always get vertices δ 2 ǫ and δǫ 2 . The angle sums at αβγ, δ 2 ǫ, δǫ 2 and the angle sum for pentagon imply f = 12. Therefore the case is dismissed.
Case 1.2(a 3 bc)
Depending on the edge E 45 , the second of Figure 18 can be further divided into three subcases in Figure 19 . The arrangements of P 4 , P 5 are yet to be determined. By the edge length consideration, we have H = α 2 γ 2 · · · or α 3 βγ. Since αβγ is already a vertex, we get H = α 3 βγ. If we can further show that 2α + 2γ > 2π, then we also get H = α 2 γ 2 · · · , and there is no tiling. π in β 2 θ, γ 2 θ, and the angles sum at the two vertices further imply
π. By [3, Lemma 7] , we get b = c, a contradiction. The requirement that δθ 1 θ 2 , ǫθ 1 θ 2 are the same combinations of δ, γ determines the δ, γ angles of P 4 , and also implies that the θ angles of P 3 , P 5 in the first of Figure 20 are both δ or both ǫ. This leads to two possible neighborhood tilings in Figure 21 . In the first of Figure 21 , the angle sums at β 2 ǫ, γ 2 ǫ, δ 2 ǫ and the angle sum for pentagon imply By the edge length consideration, the vertex β 2 · · · shared by P 3 , P 4 has two distinct angles outside P 3 , P 4 , and the angles are either α or β. By α < β, then angle sum at the vertex is ≥ 2α + 2β = 2π + The second of Figure 21 can be dismissed by the similar reason (exchanging β and γ, and exchanging δ and ǫ).
In Case 1.3b, P 3 , P 4 are determined by their edge lengths. Depending on the two possible ways of arranging P 5 , we get two neighborhood tilings in Figure 22 . In the first of Figure 22 , the angle sums at β 2 δ, β 2 ǫ, γ 2 δ, δ 2 ǫ imply that β = γ = δ = ǫ. By [3, Lemma 7] , this implies b = c, a contradiction. In the second of Figure 22 , the angle sums at β 2 ǫ, γ 2 δ, δ 3 and the angle sum for pentagon imply α = However, the angle sum of the remainder · · · of the vertex ǫ 2 · · · shared by P 2 , P 3 is 2π − 2ǫ = π. Since this is strictly smaller than β, γ, δ, ǫ, and α is a bc-angle, we get a contradiction.
We will discuss the remaining case H = α 4 in Section 4.4. In Case 1.3c, P 3 , P 4 are determined by their edge lengths. Depending on the two possible ways of arranging P 5 , we get two neighborhood tilings in Figure 23 .
In the first of Figure 23 , the tiles P 7 , . . . , P 11 in the first picture are yet to be determined. If H = α 3 βγ, then the angle sums at β 2 δ, γ 2 ǫ, δǫ 2 , α 3 βγ and the angle sum for pentagon imply
+ By the edge length consideration, the vertex γδ · · · shared by P 4 , P 5 has an angle α or γ outside P 5 . The angle sum at the vertex is ≥ γ +δ +min{α, γ} = γ + δ + α > 2π, a contradiction. Therefore we must have H = α 4 . Then the angle sums at β 2 δ, γ 2 ǫ, δǫ 2 , α 4 and the angle sum for pentagon imply
By the edge length consideration, at the vertex βδ · · · shared by P 5 , P 6 , we have β, α 2 or αγ outside P 5 . By β+δ+2α > 2π and β+δ+α+γ > 2π, we find that the angle outside P 5 must be β. By 2β +δ = 2π, the vertex βδ · · · shared by P 5 , P 6 is β 2 δ. Then we get P 7 outside P 5 , P 6 in the first of Figure 23 . We can determine all edges and angles of P 7 . By the edge length consideration, the vertex α 2 · · · shared by P 5 , P 7 has two distinct angles outside P 5 , P 7 , and the angles are either α or γ. By α < γ and 4α = 2π, the vertex must be α 4 . Then we determine P 8 , P 9 . Similarly, the vertex α 2 · · · shared by P 3 , P 4 must be α 4 , and we determine P 10 , P 11 . Now the angle sum of the remainder of the vertex β 2 · · · shared by P 4 , P 11 is 16 f π. The angle sum has the same value as δ, which is strictly less than the values of the other angles when f > 24. Since f is always assumed ≥ 24, and f = 24 implies β = γ = δ = ǫ, which by [3, Lemma 7] further implies the contradiction b = c, we find f > 24. Therefore the vertex β 2 · · · shared by P 4 , P 11 is β 2 δ. This implies that we have φ = β or ǫ outside P 4 at the vertex γ 2 δ · · · shared by P 4 , P 5 , P 9 . Since 2γ + δ + φ = 2 + 8 f π > 2π, we get a contradiction. In the second of Figure 23 , the angle sums at β 2 ǫ, γ 2 ǫ, δ 2 ǫ and the angle sum for pentagon imply α = By the edge length consideration, the vertex βδ · · · shared by P 4 , P 5 has an angle α or β outside P 5 . If the vertex is αβδ · · · , then the angle sum of the remainder · · · is π. Since this is strictly less than all the angles, the remainder must be zero. This implies f = 24 and β = γ = δ = ǫ, which by [3, Lemma 7] further implies b = c, again a contradiction.
Case 2(a 3 bc)
We start with the second of Figure 17 as the center tile P 1 in the first of Figure 24 . The b-edge of P 2 and the c-edge of P 3 imply that P 2 , P 3 share an a-edge. This determines P 2 , P 3 . In particular, αβγ is a vertex. Since αβγ is a vertex, the high degree vertex H = αβ · · · cannot have γ. Therefore the angle at H that shares the c-edge with α is α. Then by the edge length consideration, the vertex H = α 2 β · · · is α 2 β 2 , α 2 β 2 δ or α 2 β 2 ǫ, and the neighborhood of H is given by the second or the third pictures in Figure 24 (where P 1 is P 2 in the first picture). In all cases, the angle sum at H implies α + β ≤ π. By the angle sum at αβγ, we get γ ≥ π. Since P 1 , P 3 share a vertex γ 2 · · · in the two pictures, we get a contradiction for the angle sum at the vertex.
Case 3(a 3 bc)
We start with the third of Figure 17 as the center tile P 1 in the first of Figure 25 . The b-edge of P 3 and the c-edge of P 4 imply that E 34 = a. This determines P 3 , P 4 , and then further determines P 2 , P 5 . In particular, αβγ is a vertex. The angle sum at αβγ and the angle sum for pentagon imply α + β + γ = 2π, δ + ǫ = 1 + We claim that the high degree vertex H = δǫ · · · cannot have two β sharing a b-edge. In the second of Figure 25 , we assume this happens between tiles P 1 , P 2 . By the edge length consideration, the vertex α 2 · · · shared by P 1 , P 2 has two distinct angles outside P 1 , P 2 , and the two angles are either α or γ. Since the vertex H = β 2 δǫ · · · implies β ≤ π − π. If both angles outside P 1 , P 2 are γ, then the angle sum at the vertex α 2 · · · = α 2 γ 2 · · · is ≥ 2α + 2γ > 2π, a contradiction. Therefore the two outside angles are α and φ, with φ = α or γ, as indicated in the second picture. Moreover, we get P 3 and all its edges and angles. If φ = α, then the angle sum at the vertex α 2 · · · = α 4 · · · shared by P 1 , P 2 , P 3 implies α ≤ This proves our claim that H = δǫ · · · cannot have two β sharing a bedge. By the same reason, H cannot have two γ sharing a c-edge. Moreover, by δ + ǫ = 1 + δ that the tiles around the vertex are arranged as P 1 , P 4 , P 5 in the right of Figure 22 . We still have these facts in our new setting. The application of the earlier argument to the new setting stops at the vertex ǫ 2 · · · shared by P 2 , P
